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Standard picture of the inner structure

crust formed of nuclei, neutron gas in inner crust

transition to the core characterised by transition to homogeneous matter

composition close to the center almost unknown (hyperons, kaon/pion
condensate, quark matter . . . ?)

Neutron star matter not accessible in terrestrial laboratories
(density, asymmetry) nor to ab-inito calculations
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The neutron star crust

The outer crust is the part of the crust below neutron drip density, composed
of a lattice of nuclei and an electron gas. It extends up to densities of roughly
1011g/ cm! 3.

The inner crustis the part above neutron drip, extending up to
! ! 0/ 3 ! 1014g/ cm! 3. It is characterised by the presence of neutrons
outside the nuclei.

Some models predict so-called ÒpastaÓ phases in which the nuclei become
strongly deformed at the transition from the inner crust to homegeneous core
matter.
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The outer crust

The main ideas of the description of
the outer crust are given by Baym,
Pethick, Sutherland (1971) :

The total energy density is
given by

"
tot

= nN E(A, Z ) + "e + "L

Electrons can be treated as
ideal Fermi gas

Lattice energy can be estimated
in Wigner-Seitz approximation
(body centered cubic structure
seems favored)

E(A, Z ) not experimentally
known for the neutron rich
nuclei eventually appearing the
denser layers.

! max [g/cm3] Element Z N

8.02" 106 56Fe 26 30
2.71" 108 62Ni 28 34
1.33" 109 64Ni 28 36
1.50" 109 66Ni 28 38
3.09" 109 86Kr 36 50
1.06" 1010 84Se 34 50
2.79" 1010 82Ge 32 50
6.07" 1010 80Zn 30 50
8.46" 1010 82Zn 30 52
9.67" 1010 128Pd 46 82
1.47" 1011 126Ru 44 82
2.11" 1011 124Mo 42 82
2.89" 1011 122Zr 40 82
3.97" 1011 120Sr 38 82
4.27" 1011 118Kr 36 82

[R¬uster, Hempel, Scha!ner-Bielich 2005]
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The inner crust
With increasing density, the value ofZ/A decreases and neutrons become less and
less bound. At some point the Òneutron drip lineÓ is reached, i.e. neutrons drip out
of nuclei. This point is reached at a density of roughly! ND ! 4 " 1011g/ cm! 3.

Within the liquid drop approach, for the total energy density that of the
Òneutron gasÓ has to be included

"
tot

= nN E(A, Z ) + "e + "L + "n

Qualitatively, the results are almost the
same in more sophisticated
Thomas-Fermi and quantum
calculations employing in general the
Wigner-Seitz approximation

ÒPastaÓ phases with very deformed
nuclei in form of rods, slabs, . . .are not
found with all nuclear interaction
models (depends on the ratio of surface
and bulk energy)

The neutrons in the inner crust are
probably in a superßuid state
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Models for bulk nuclear matter

Ab-initio calculations up toA # 12 (not adequate for the description of
nuclear matter !)

for nuclear matter there are two types of models
1 phenomenological models with e!ective interactions

! liquid drop
! mean Þeld

2 Òab initioÓ microscopic calculations starting from the basic NN interaction
! Brueckner-Hartree-Fock (BHF)
! Self-consistent GreenÕs function
! Variational techniques
! Many-body perturbation therory with RG evolved forces
! . . .
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Mean field models for bulk matter

Within mean Þeld models, the starting point is a phenomenological
Òe!ectiveÓ interaction, not theNN -interaction, in order to take correlations
due to the surrounding medium into account

Modern interpretation and formulation in terms of Kohn-Sham energy density
functional theory

Good description of the nuclear chart up to very heavy nuclei, except for the
lightest nuclei

Parameters Þtted to selected properties of nuclei and/or Ònuclear matterÓ
properties (see later)

Hundreds of di!erent parameterisations

Technically, calculations of the EoS for homogeneous matter very similar to
free gas but with Òe!ectiveÓ masses and Òe!ectiveÓ chemical potentials
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The non-relativistic Skyrme mean field model

Starting point is a functional for the energy density" (nn , np)

Zero range interaction

Spin-orbit interaction added by hand (very important for magic numbers of
nuclei, but absent for bulk matter)

The interaction part in general contains the
following terms

" a central term ! n2
B , (nn " np )2

" a density dependent term
! n!

B (n2
B , (nn " np )2)

" an e!ective mass term! !n B , ! i ni (! is
the kinetic energy density, same form as
Fermi gas)

" a spin-orbit term, a gradient term and a
tensor term, which do not contribute to
nuclear matter calculations
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How to proceed to obtain the pressure ?

How to proceed to get the EoS for neutron star matter ?

Micaela Oertel (LUTH) EoS for cold NS matter Stockholm, June 12-20, 2018 10 / 38



A Skyrme EoS

1. Pressure

Thermodynamic relations

"
"#
"n i

= µi and

" P = " # +
!

i

µi ni

2. Neutron star EoS

Add leptons, i.e. electrons and possibly muons (as free Fermi gas)

Charge neutralitynq = 0

#-equilibriumµn = µp + µe (and muons ?)
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A Skyrme EoS

The proton fraction in neutron star matter for di!erent parametrisations
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A Skyrme EoS
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The relativistic mean field (RMF)

Relativistic (special relativity) treatment of the
nucleons

Interaction described via e!ective ( !) meson
exchange :

L RMF = ø$ (i%µ &µ $ M $ g! ' + . . . ) $

+
1
2

&µ '& µ ' $
1
2

m2
! ' 2 + . . .

In the original version (Walecka model) only', (

In order to reproduce data, many reÞnements :
isovector channel (!, ) ), nonlinear' -interaction,
density dependent couplings, . . .
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[Typel 2005]

Micaela Oertel (LUTH) EoS for cold NS matter Stockholm, June 12-20, 2018 14 / 38



(Dirac)-Brueckner-Hartree-Fock
calculations

Starting point is the bareNN -interaction V

Construction of the BruecknerG-matrix :

G(( )ij,kl = Vij,kl +
!

a,b

Vij,ab
Qab

( $ ea $ eb
G(( )ab,kl

The Pauli operatorQ prevents the baryons
(they are fermions !) to be scattered to
states below their respective Fermi momenta

The single-particle energies are determined
self-consistently

ei (*k) = M i +
*k2

2M i
+

!

j

%ij |G(( )ij,ij |ij &

Three-body forces necessary to reproduce
empirical behaviour ofE/A (nB ).
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Energy per baryon for symmetric matter, different approaches
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Energy per baryon for neutron matter, different approaches
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Neutron, protons, electrons, is it all ?
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LetÕs have a look on the chemical potentials

Remind :We are at zero temperature! n = 2
"

d3p
(2+)3 , (µ $ -)

! A state can be populated if the chemical potential exceeds its energy.
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Example :At which density could muons (mµ = 105.6 MeV), treated as free
Fermi gas, typically appear ?
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Short reminder of hadronic states
Hadrons:

Hadrons are strongly interacting
particles, composed of quarks and
gluons. There are two di!erent types of
hadrons, baryons and mesons.

Baryons:

Fermionic states carrying baryon
number, simplest example proton and
neutron

Hyperons (Y) are baryons containing
net strangeness, but no charm, bottom
or top

Mesons:

Bosonic states, for example++

Kaons have net strangeness

Pions (! 140 MeV) by far lightest
hadrons

Baryon octet
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Can there be hyperons in the core ?
Hyperons (Y) are baryons containing strangeness, for example :

" S = -1 : !( m! = 1115MeV) , " ± , " 0(m" = 1190MeV)
" S = -2 : # 0, # ! (m# = 1318MeV)

They can appear in the core of neutron stars if their chemical potential
becomes large enough to make the conversion of N into Y energetically
favorable.
Strangeness is conserved in strong reactions which would mean that a
strangeness chemical potential has to be introduced. In neutron stars, time
scales are in general long enough to suppose weak equilibrium which means
that strangeness is not conserved.
! µ! = µ" 0 = µ# 0 = µB µ" ± = µB ± µq µ# ! = µB $ µq

Examples of (weak) reactions to produce hyperons (produced in
laboratories) :

" n + n # n + !
" p + e! # ! + $e!

" n + n # p + " !

Without interaction (-(|*p| = 0) = m), in general! ! would appear Þrst, then
" .
Experimental information on hyperonic interaction scarce
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Do they finally appear in NSs ?
1. The problem

Most classical models predict hyperons atnB >! 2 $ 3n0 but give maximum
neutron star masses of! 1.4M "

2. Di!erent solutions
Let quark matter appear early (very early !) enough :
Phenomenological quark models can be supplemented with the necessary
repulsion[Weissenborn et al., Õ11, Alford et al. Õ07, Zdunik & Haensel Õ12, . . .]

Modify the interaction
" In microscopic models (BHF) this seems to

be a problem[Vida÷na et al., Õ11, Schulze & Rijken Õ11], but
Þrst results in DBHF and QMC
[Lonardoni et al Õ15, Katayama & Saito Õ15]

" In phenomenological models not di"cult
[Bednarek et al. Õ12, Bonanno & Sedrakian Õ12,Weissenborn et al. Õ12, MO

et al. Õ12,. . .], high density repulsion mainly via
Y Y interaction

Different hyperonic interactions
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[MO et al 2015]

Large variety in di!erent radii and strangeness contents
R < 10 km would be di"cult !
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Phase diagram of strongly interacting
matter
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Nuclear Part : constraints from
measurements of nuclear
parameters, mainly for
symmetric matter

Zero chemical potential : lattice
QCD calculations
! phase transition to QGP at
T # 150 MeV
[for example : A. Bazavov et al. 2009]

Very high densitiesn ' n0 (or temperatures) : perturbative QCD calculations

Intermediate densities relevant for compact stars ? Extrapolation of
perturbative results or purely phenomenological models (bag model, NJL
model, . . .)
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Constraints on the EoS
1. Symmetric nuclear matter

For symmetric nuclear matter (i.e.nn = np), the energy per baryon as a function
of density has a minimum atnuclear matter saturation density, n0 = 0 .16fm! 3.
The binding energy at this point isEb = $ 16MeV .

Several coe"cients of an expansion of the energy per baryon around saturation are
measured in nuclear experiments (x = nB /n 0 $ 1) :

E (nB , #) = Eb +
1
18

K x2 +
1

162
K #x3 + #2(J +

1
3

Lx +
1
18

K
sym

x2)

incompressibilityK ! 240MeV

skewness coe"cientK #

symmetry energyJ ! 32MeV

symmetry energy slope coe"cientL ! 50 MeV

symmetry incompressibilityK
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A free Fermi gas cannot reproduce these features !
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Constraints on the EoS
2. Other nuclear experiments

data from transversal matter ßow in
heavy ion collisions is sensitive to
the EoS of symmetric matter
caveats :

" matter not really in thermal
equilibrium ! transport
calculations are reinterpreted in
terms of EoS

" in principle only valid for the
model employed within the
transport

" at high densities many new
degrees of freedom (resonances,
mesons,. . . ) ! relation to the
nuclear EoS ?

Flow constraint from heavy ion collisions
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[Kl¬ahn et al. 2006]

meson production in heavy-ion collisions, in particular subthreshold kaon
production! ÒsoftÓ EoS in the range2 $ 3n0
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Mass-radius relation

M and R
" GR, stationa-

rity+spherical
symmetry

" Equation of state
(EoS)

! solving TOV-system

Matter in old NSs can
be considered as cold
and in weak equilibrium
! EoS :p(" )

Different EoS models (taken from http ://compose.obspm.fr)
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Maximum mass is a GR e!ect, value given by the EoS

Determining massand radius of one object considered as holy grail
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Constraints on the EoS
3. Neutron star masses

Observed masses in binary systems
(NS-NS, NS-WD, X-ray binaries) with
most precise measurements from double
neutron star systems.
Two precise mass measurements in
NS-WD binaries

" PSR J1614-2230 :
M = 1 .928± 0.017M " [Fonseca et al 2016]

" PSR J0348+0432 :
M = 2 .01 ± 0.04M " [Antoniadis et al 2013]

Given EoS $ maximum mass

Additional particles add d.o.f.
! softening of the EoS
! lower maximum mass
! constraint on core composition
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Constraints on the EoS
4. Neutron star radius estimates from X -ray observations

Radii from di!erent types
of objects, but model
dependent :

" Atmosphere modelling
(much recent progress)

" Interstellar absorption
(X -ray observations)

" Distance, magnetic
Þelds, rotation, . . .

Many discussions

Consensus : radius of a Þducial
M = 1 .4M " star 10-15 km

2! error bars, radii at M = 1 . 4M "

[courtesy M. Fortin, CAMK]
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Constraints on the EoS
5. Pulsar timing

Measurements of rotational frequency
" f = 716 Hz (PSR J1748-2446ad)(Hessels et al, Science

2006)

Theory : Kepler frequency(Haensel et al. A&A 2009)

f K = 1008 Hz (M/M " )1/ 2 (R/ 10km)! 3/ 2

APR

FPS

DH

BGN1H1

GMGS

BM165

SQM3 SQM1

[Courtesy M. Fortin, CAMK]

NS radii, dependence on
crust-core transition

(Fortin et al. 2016)

! A measured frequency of
1.4 kHz would constrain
R1.4 < 9.5 km !
Remark of caution
Radii are sensitive to
rotation and to treatment of
crust-core transition !
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GW from binary NS mergers

GW170817 : Þrst detection of a NS-NS merger with LIGO/Virgo detectors

Information on EoS from di!erent phases
" Inspiral ! masses of objects
" Late inspiral ! tidal deformability ÷!

depends on matter properties
[Read et al, Faber & Rasio, . . .]

GW170817

÷! < 900 (90% conÞdence level)
(low spin prior) [Abbott et al 2017,2018]

" Post merger oscillations! peak frequency
strongly correlated with NS radius
[Bauswein et al, Sekiguchi et al, . . .]
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Constraints on the EoS
6. Tidal deformability

Some EoS (giving less compact NSs) excluded by limit on÷"

Additional (model
dependent) constraints
from relation with EM
observations

" M
tot

+ no prompt BH
collapse[Bauswein et al 2017]

" M
tot

+ estimate of
energy loss to ejecta
[Margalit& Metzger 2017]

" Ejecta masses +
composition [Shibata et al 2017]

" ÷! & 450 from ejecta
masses
[Radice et al 2017]

Different EoS models compatible with M
max

> 1. 97 M "
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Constraints on the EoS
6. Tidal deformability

Some EoS (giving less compact NSs) excluded by limit on÷"

Additional (model
dependent) constraints
from relation with EM
observations

" M
tot

+ no prompt BH
collapse[Bauswein et al 2017]

" M
tot

+ estimate of
energy loss to ejecta
[Margalit& Metzger 2017]

" Ejecta masses +
composition [Shibata et al 2017]

" ÷! & 450 from ejecta
masses
[Radice et al 2017]

Different EoS models compatible with M
max

> 1. 97 M " and ÷!
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Constraints on the EoS
6. Tidal deformability

Some EoS (giving less compact NSs) excluded by limit on÷"

Additional (model
dependent) constraints
from relation with EM
observations

" M
tot

+ no prompt BH
collapse[Bauswein et al 2017]

" M
tot

+ estimate of
energy loss to ejecta
[Margalit& Metzger 2017]

" Ejecta masses +
composition [Shibata et al 2017]

" ÷! & 450 from ejecta
masses
[Radice et al 2017]

Different EoS models compatible with M
max

, ÷! and EM constraints
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Constraints on the EoS
7. Direct URCA threshold

the direct URCA process
n ( p + e! + ø. and
p + e! ( n + . , a very e"cient
cooling process, is suppressed in
the cold neutron star due to
energy and momentum
conservation. It can reappear in
the very dense core if the proton
fraction exceeds! 11-14%.

in contradiction with observed
surface temperatures if
Yp > 11$ 14% for too low
densities

main caveat : masses of NS
with observed surface
temperature not known

Why is direct URCA suppressed ?

Consider the reactionn ( p + e! + ø. .

Energy conservation
En = Ep + Ee! + E" , where
n, p, e! haveEi ! EFi ± T, thus
the neutrino hasE" ! T.

# equilibriumµn = µp + µe and
charge neutrality give
pF,e = pF,p ! p2

F,n / (2mn ) ) pF,n

Momentum conservation
*pn = *pp + *pe! + *p" with |*p" | ! T
can then no longer be fulÞlled, since
pF,n <! pF,p + pF,e .
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Constraints on the EoS
8. Baryon mass versus gravitational mass

low mass NS stars in binary NS systems could be formed in an electron
capture SN of a O-Ne-Mg core with very little mass loss
two candidate systems

" M = 1 .249± 0.001M " (PSR J0737-3039/B) [Kramer et al 2005]

" M = 1 .230± 0.007M " (PSR J1756-2251 companion)[Ferdman et al 2014]

constraints on the baryon mass of the low-mass object by evolution arguments
[Podsiadlowski et al. 2005], assuming no mass loss and a numerical simulation[Kitaura et al. 2006]

caveats
" mass loss assumption (simulation

gives little mass loss)
" uncertainties on evolutionary

scenario
" does the contraint obtained from

the simulation only reßect the
properties of the (two) EoS
employed ?

" multi-D e!ects, magnetic Þeld, . . .

M B versus M G -range for different EoS
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[Kl¬ahn et al. 2006]
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Constraints on the EoS
9. ÕAb-initioÕ calculations of neutron matter

any of the many-body techniques mentioned before, i.e. (D)BHF, SCGF,. . .

Monte-Carlo techniques

recently also RG evolved chiral EFT forces +
Hartree-Fock

" idea : start at an interaction scale! and evolve
it to lower energies

" the e!ective interactions at a lower scale! #

then contain the higher energy dynamics (e.g.
three-body forces are generated)

Energy per baryon for (low-density)
neutron matter [MO et al 2017]
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remarks
" all these methods have problems (of di!erent nature, e.g. Þnite size e!ects in

Monte-Carlo)
" truncation of the initial interaction to N -body-forces
" the results for neutron matter agree fairly well
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